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^ '. Abstract 
0\ ' 

,—1 I A 7-soft analogue of the confined /5-soft (CBS) rotor model is developed, by using 

a 7-independent displaced infinite well /5-potential in the Bohr Hamiltonian, for which 
^ ' exact separation of variables is possible. Level schemes interpolating between the E(5) 
■ critical point symmetry (with = E^Af)/ E{2f) = 2.20) and the 0(5) 7-soft rotor (with 
O ' -^4/2 = 2.50) are obtained, exhibiting a crossover of excited 0^ bandheads which leads to 
^ . agreement with the general trends of 0^ states in this region and is observed experimentally 
g ; in i28,i30xe. 
O ■ 
^ ■ 

Y : 1 Introduction 

^ '. 

^ ■ Critical point symmetries PQEl, related to shape/phase transitions, have attracted recently 
^ . considerable attention in nuclear structure, since they provide parameter- free (up to over- 
• ^ ! all scale factors) predictions supported by experimental evidence [21 El ini- The E(5) 
^ ! critical point symmetry [T], in particular, is related to the shape/phase transition between 
\ vibrational [U(5)] and 7-unstable [0(6)] nuclei, while X(5) j|2j is related to the transition 
between vibrational and axially symmetric prolate [SU(3)] nuclei. A systematic study of 
phase transitions in nuclear collective models has been given in [3 IH1 IH] • 

In both the E(5) and X(5) models, exact [in E(5)] or approximate [in X(5)] separation 
of the /3 and 7 collective variables of the Bohr Hamiltonian JU] is achieved, and an infinite 
square well potential in f3 is used. (Various analytic solutions of the Bohr Hamiltonian have 
been recently reviewed in Ref. ^T] , while a recently introduced fT^ El computationally 
tractable version of the Bohr collective model is already in use jTHj. ) Models interpolating 
between E(5) [or X(5)] and U(5) have been obtained by using potentials (with n = 1, 2, 
3, 4) in the relevant [E(5) or X(5)] framework [T^ 1171 ITH] . while an interpolation between 
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X(5) and the rigid rotor limit has been achieved in the framework of the confined /3-soft 
(CBS) rotor model by using in the X(5) framework infinite square well potentials in 
P with boundaries Pm > Pm > 0, with the case of /5m = corresponding to the original 
X(5) model. The CBS rotor model showed considerable success in describing transitional 
and strongly deformed nuclei in the rare earths and actinides [201 1^ • 

In the present work an interpolation between E(5) and the 7-soft rotor [0(5)] limit is 
achieved, by using in the E(5) framework 7-independent infinite square well potentials in P 
with boundaries Pm > /^m > 0. The model contains one free parameter, r^j = Pm/PM, the 
case with = corresponding to the original E(5) model, while rp ^ 1 leads to the 7-soft 
rotor [0(5)] limit. A special case with the two lowest excited O"*" states being degenerate 
occurs for rp^ = 0.171. Experimental examples on the E(5) side and on the 0(5) side of rjj^ 
are found to correspond to ^^°Xe and ^^®Xe, respectively. The crossover of O"*" bandheads 
observed at r^j^ is important in reproducing the experimental trends of bandheads in the 
i?4/2 = E{4:t)/E{2t) region between 2.20 [E(5)] and 2.50 [0(5)]. 

In Section 2 the calculation of the energy spectra and B{E2) transition rates is decribed, 
while results are shown and compared to experiment in Section 3. An overall discussion of 
the present results in given in Section 4. 



2 The model 

We consider the Bohr Hamiltonian JU] 



2B 



Ar + ^An 

P 



+ U{P), 



with 



^ p^dp^ dp dp^ pop' ^ ^ 

~ sin 37^7 "'''^97 t,^sm\j - 'fk)' 

where P and 7 are the usual collective coordinates, L'^. {k = 1,2,3) are the components of 
angular momentum in the intrinsic frame, 6i [i = 1, 2, 3) are the Euler angles, and B is the 
mass parameter. The potential U{P) depends only on the collective coordinate P [22] . 

Using the factorized wave function \Ef(/3, 7, 6*^) = F(/?)$(7, 6*4) [H 122] the Schrodinger 
equation corresponding to the Hamiltonian (Q) is separated into two parts: 

(a) The angular part 

-An$(7,^^)=r(r + 3)$(7,^i), (4) 

where r is the seniority quantum number and A^ is a quadratic invariant operator of the 
group S0(5) j221l2ni- A detailed discussion can be found in Ref. j2n]- 
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(b) The radial part 



(3 d(3 



U{P) 



r(r + 3) 



F{P) = 0. 



(5) 



In the radial equation (0) we consider an infinite well potential ^1 1221 confined between 
boundaries [12] at Pm and Pm {0 < Pm < Pm) 



U{P) 



, Pm<P<PM 

OO , Q<P<Pm, P> Pm- 



(6) 



Defining = 2BE/n^ and substituting F{p) = p-^l'^P{P), Eq. © in the interval 
P G [Pmi Pm] takes the form of a Bessel equation of vth. order 



P'P"{P) + pP'iP) + {k'p' - v')P{P) = 0, 
where z/ = r + 3/2. The boundary conditions at Pm and Pm are 

P{Pm) = 0, P(/5a^) = 0, Q<Pm< Pm. 
The general solution of Eq. ((7j) is the cylindrical function 

P{P) = aUkP) + hY,{kp), 



(7) 



(9) 



where Ju{z) and are the Bessel functions of the first and second kind respectively of 

order z/ = r + 3/2, and (a, h) are constants to be determined. The boundary conditions (jH)) 
lead to a homogenous system for (a, 6) 



0, 
^0, 



aMkpM) + bY^ikPM] 
aJy{kPm) + hYuikPm 

which has nontrivial solutions in (a, 6) if its determinant is set to vanish 

MkPM)Y,{kPm) - MkPm)Y,{kPM) = 0. 



(10) 



In this way the boundary conditions (jH)) lead to a discrete spectrum of the parameter k, the 
values of which are the positive roots of Eq. pO|) . Eq. (fTUI) can be written in the form [T^ 



J,,{x)Y^{ri3x) - J,,{rfsx)Y^{x) 



0, 



where x = kPM and the parameter denotes the ratio = Pml Pm- Here we consider the 
case in which the parameter Pm is fixed and Pm varies in the range < < Pm, the ratio 
taking values in the interval < < 1. 

Let x^^^'^ be the ^th positive root of Eq. (fTTj) . and respectively fc^^''^ = x^^^'^/Pm be the 
^th positive root of Eq. ()10|). where u = t + 3/2. Then the normalized eigenfunctions 
P^l.'^\p) can be represented in the form 



A 



-1/2 r 



Ukl'^P)Y,{kl'>Pm) - Mkl7'Pm)Y.m7'P) 



(12) 



where /3m < < 13m and k^f^Prn = r/^x^^f\ Then the normahzed solutions of Eq. © in 
the interval [/3m, /^m] are 

Ft:\p)=p-'/'Pt/\p). (13) 
The constants A'ff^ in ^ are obtained from the normalization condition 



/?nF^^'')(/3) rf/? 

The corresponding energy spectrum is 

It 
2B 



M 



X 



(14) 



(15) 



In the limiting case of /?m (or r/3 0) the spectrum and eigenfunctions correspond 
to the E(5) critical point symmetry p. 

The factorized wave functions are denoted by 



(16) 



where r is the seniority quantum number, fi = 0,1,2, ... ,[t/3], and for a given value of fi 
the angular momentum L takes values L = 2p, 2p — 2,2p — 3,...,p + l,p, where p = t — 3p. 
The angular part of the wave function has the form 



N. 



-1/2 2L + 1 



87r2 



(17) 



K 



where A^t/^l is a normalization constant and the index K in the above sum takes even 
values in the interval \K\ < L. In the present case we consider only states which are non- 
degenerate with respect to the quantum number L in the framework of the group embedding 
SO(5)dSO(3). 

The reduced transition probabilities B{E2) for the E2 transitions 

i.(^2;„...^„,.,) J<°^^^g7;°-^->l' . ,18) 
are calculated for the quadrupole operator T^^'^'^ proportional to the collective variable am 
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COS7 + ^(/^4*2(^.) + An-2(^.)) Sin 7 



As a result for the E2 transitions one has 

B{E2-L^r^ " ^ - 

where 



-^|'t';5t(^/3) Gl'^l'L'■,T^J.L^ 



C'-/3)/ 



/3„ 



(19) 



(20) 



(21) 



and Gr'^'L';T^iL are geometrical factors corresponding to the embedding SO(5)dSO(3). The 
selection rules for the matrix elements of the quadrupole operator T^^-* defined in fll9|l 
are |Ar| = 1 and |AL| < 2. We stress that all wave functions, energy eigenvalues, and 
transition matrix elements are exact analytical solutions of the Bohr Hamiltonian for the 
class of potentials considered here. 
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3 Analytical results and comparison to experiment 



Analytical results for energy levels and B{E2) transition rates are shown in Fig. 1 . The 
main observation regards the position of the lowest excited 0^ states. In E(5) P and for 
low values of < Vj^^ = 0.171, 0^ corresponds to = 2, r = 0), while O3 is provided 
by = 1, r = 3). For higher values of > r^^ = 0.171 the picture is opposite, with 02" 
corresponding to = 1, r = 3), and O3 given by = 2, r = 0). The latter eigenstate is 
shifted toward infinite energy as the 0(5) limit is approached for r^j 1. The normalized 
0"^ bandheads are shown as a function of the R4/2 = E{4f)/E{2i) ratio in Fig. 2. On each 
curve the parameter starts from r/3 = on the left, gradually increasing to the right. 
The crossover of the = 2, r = 0) and the = 1, r = 3) curves occurs at r^j^ = 0.171. 

The existence of the 0"*" state's crossover is crucial in keeping the model predictions in 
agreement with the general trends shown by the experimental Rq/2 = E{02)/E{2f) ratio 
as a function of the R4/2 = E{4i)/ E{2f) ratio, given in Ref. In the region with 

2.20 < -R4/2 < 2.50, covered by the present model, the experimental i?o/2 values stay indeed 
below 5.0, in agreement with what is seen in Fig. 2 for the = 1, r = 3) bandhead. 

It is interesting to identify nuclei corresponding to parameter values near the region 

= 0.15-0.20, in which the crossover of the O"*" bandheads occurs. Below = 0.171 the 
situation resembles the one in E(5), with 6^, 4^ and 0^ states being nearly degenerate, 
while the 02" state lies lower than them. Beyond r^^ = 0.171 the near degeneracy applies to 
the 6f, ^i^d 02" states, while the Ojj" state lies higher than them. This situation occurs 
in the neighboring nuclei ^^''Xe (corresponding to r/3 = 0.12) and ^^^Xe (reproduced by 
rp = 0.21), shown in Fig. 3. (The parameter r/3 has been fitted to the experimental R4/2 
ratio of each nucleus.) In the latter case, known B{E2) values, too, agree remarkably well 
with the theoretical predictions. 

Both before and after the crossover, the O"*" bandhead with (^ = 1, r = 3) is connected 
by a strong E2 transition to the 2^ state, while the 0"*" bandhead with (^ = 2, r = 0) decays 
less strongly to the 2f level. These interband B{E2) values provide a stringent test to the 
model. However, their absolute values are unknown experimentally. 

It is nevertheless possible to unambiguously characterize the predominant nature of the 
two excited 0^3 states of 128,130^^ considering their E2 decay branching ratios to the 
lowest two 2]^2 states. We thus define the double-ratio 



for which one expects values > 1 for < r^^ and < 1 for > r^^, respectively. Eq. 
(23) involves 7-ray energies and intensity ratios. The data [26.| |2Z1 I2H| yield values of 



Z(0+/2) = 52 ± 30 for ^^oxe and ^(0+/2) = 0.32 ± 0.17 for ^^^Xe, as given on Table 1. 




B{E2-0t ^2t)/B{E2-0t ^2t) 
5(E2;0+^2+)/5(E2;0+^2+) 



(22) 




(23) 
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The experimental values for ^^''Xe and ^^^Xe differ by two orders of magnitude. Despite 
the large uncertainties that originate in the 50% uncertainty for the low intensity of the 
initially forbidden 0^ 22 low-energy transition [221 123 HH] , the data prove the crossing 
of the different 0^ configurations with = 2, t = 0) and [C, = 1, t = 3) between ^^°Xe and 
^^^Xe, as predicted by the model from a fit to the relative 4f excitation energy -R4/2. 

Having identified the O"*" configuration crossing we can analyze it quantitatively in a 
two-state mixing scenario. These close-lying experimental 0"*" states are considered as an 
orthogonal mixture of the crossing model states = a20^=2,T=o + ct30^=i^^=3 and O3 = 
—0302^0 + '^20i^3 due to residual interactions not accounted for by the simple model. This 
yields ZlOy^) = {0^2/0^3)* due to the r-selection rules for the E2 operator in the unperturbed 
situation and allows for the mixing coefficients to be determined. The squared amplitudes 
a2 quantify the 0+ configuration crossing. The contribution of the 0|'^2 t=o ^lodel state to 
the observed O2 state drops from 88(3)% in ^^°Xe to 43(3)% in ^^^Xe as displayed in Table 

HI 

With that information a further test of the model prediction for E2 transition rates 
can be performed assuming only the validity of the two-state-mixing scenario. The rel- 
ative strengths of the unperturbed interband E2 transitions can be extracted from the 
experimental E2 branching ratios 



B{E2;0l 



5(E2;0^o^2i 



02/ 



5(E2;0+ 



(24) 



- unperturbed 

Z2 



B{E2;0t^2t 



1^(0+^2+) I B^(0+->2+) 



J, (0+^2+) 
\ ^7(03+^2+) 



£^(0+^2+) 



expt 



The rhs involves E2 intensity ratios in the perturbed (experimental) situation. The exper- 
imental values (rhs) are compared to the theoretical values for the Ihs of Eq. ()24|) at the 
bottom of Table ^ The data on ^^'^Xe coincide with the model within the uncertainties. 
The data on ^^°Xe also exhibit the predicted dominance of the B{E2]0f^^ — * 22") value 
over the B{E2; O20 —* 22) value but by an order of magnitude more pronounced than the- 
oretically expected. This numerical deviation calls for better data on the weak 0^ 2^ 
672-keV decay intensity with its present uncertainty of 



4 Summary 

A 7-soft analogue of the confined /5-soft (CBS) rotor model has been constructed and exactly 
solved analytically, by using a 7-independent displaced infinite well /^-potential in the Bohr 
equation, in which exact separation of variables is possible in this case. The model obtained 
contains one free parameter, the ratio = Pm/ Pm of the positions of the left wall (/?m) 
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and the right wall {Pm) of the potential well, and interpolates between the E(5) critical 
point symmetry, possessing R4/2 = E{A'l)/E{2i) = 2.20 and obtained for rp — 0, and the 
7-soft rotor 0(5), having R4/2 — 2.50 and obtained for r/j — > 1. Due to the exphcit 0(5) 
symmetry the model might be addressed as the 0(5)-Confined (3-Soft Rotor Model [0(5)- 
CBS] . A crossover of excited 0+ bandheads as a function of i?4/2 is predicted, which is crucial 
in keeping the model predictions for the 0^ bandhcad in good agreement with experimental 
systematics in this region of R4/2 ratios. This crossover is manifested in 128,130^^ jg g^^j^ 
quantitatively from experimental E2 decay intensity ratios. Information on relative and 
absolute E2 transitions in ^^^Xe are in good agreement with the model predictions when 
simple configuration mixing is accounted for, while more accurate experimental information 
on B[E2)s in ^^°Xe is desirable for further significant tests of the model. 
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Table 1: Comparison of data [211 123 I2H1 on i30,i28xe to the model [0(5)-CBS] and the 
two-state mixing scenario (see Section 3). 
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Figure 1: Energy levels (normalized to the excitation energy of the 2t state) and B{E2) 
values (normalized to B{E2; 2^ — > 0^)) for two different values of the structural parameter 
— Pm/ Pm around the 02^3 crossing. 
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Figure 2: Energy of 0"*" states (normalized to the energy of the 2^ state), labeled as -R0/2, 
vs. the ratio R4/2 = E{Af )/E{2'l). The parameter on each curve starts from zero at the 
left end, increasing to the right. The crossover of the (,^ = 2, r = 0, L = 0) and the = 1, 
r = 3, L = 0) curves occurs at rp^ ^ 0.171263, {R4/2, Rq/2)c ~ (2.27861, 3.77797). 
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Figure 3: Comparison of the model predictions for — 0.12 (a) to the experimental data 
of ^^°Xe [26] (b), and of the model predictions for — 0.21 (c) to the experimental data 
for i28xe [27] (d). 
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